Introduction
Fluorescence images of emitters separated by less than half of the wavelength are not resolvable due to the diffraction limit. By surpassing this limit and providing resolution down to a few nanometers, super-resolution microscopy techniques 1, 2 have revolutionized far-field optical microscopy in the last decade. These techniques exploit the photo-physical and photo-chemical properties of emitters to make them fluoresce sequentially and therefore to optically resolve them. The sequential selective imaging is achieved either in stochastic or deterministic ways. Stochastic super-resolution methods are based on the localization of isolated single emitters [3] [4] [5] [6] [7] [8] [9] . Deterministic methods [10] [11] [12] [13] [14] [15] , such as stimulated emission depletion (STED) 10 are based on patterned laser illuminations, which restrict the fluorescence emission to pre-determined nanoscale regions. This sequential imaging modality implies that the resolution gain is at the expense of the imaging speed, which could be a severe limitation when studying dynamic structures in living cells, since many biological phenomena occur at timescales from milliseconds to seconds 16, 17 Where ݇ ሬԦ , ߱, ߶ , ݁ Ԧ are respectively the wave vector, the angular frequency, the phase and the polarization directions of each plane wave. The vector position ‫ݎ‬ Ԧ has ‫ݍ‬ spatial coordinates corresponding to the space dimension ‫.ݍ‬ Since the arbitrary choice of the time origin allows cancelling the phases ߶ , the number of independent relative phases in Equation (1) is ሺ‫‬ − 1ሻ. Furthermore, the arbitrary choice of the space origin ሺ‫ݎ‬ Ԧ = ‫ݎ‬ Ԧ ᇱ + ‫ݎ‬ Ԧ ሻ allows rewriting the spatial dependence of the electric field as:
This equation clearly shows that any relative phase variation between the beams results in a global spatial translation of the optical lattice ‫ݎ(‬ Ԧ , without any change in the field topography) if the system of ሺ‫‬ − 1ሻ linear equations of ‫ݍ‬ variables ሺ߶ − ߶ + ሺ݇ ሬԦ − ݇ ሬԦ ሻ. ‫ݎ‬ ሬሬሬԦ = 0, 1 ≤ ݆ ≤ ‫‬ − 1ሻ has a solution 31 . For independent wave vectors, this requirement is fulfilled if the number of interfering beams ‫‬ is equal to ‫ݍ‬ + 1.
In the case of 2D imaging ሺ‫ݍ‬ = 2ሻ, the interference of three beams will lead to an optical lattice which keeps both the topographies of the electric field and of the intensity independent of the beams phases. A four-beam optical lattice has an electric field topography that depends on the beams relative phases. However, in certain configurations, the intensity topography is insensitive to the beams phases and leads to better STED parallelization.
Three beam configuration
To build a three-beam optical lattice in the focal plane of a microscope objective suitable for STED parallelization, we consider three beams propagating in the direction of the optical axis of the objective ሺ݁ Ԧ ௭ ሻ with the same linear polarization ሺ݁ Ԧ ௫ ሻ, as shown in Fig. 1a . The beams intersect the objective at the vertices of a centered equilateral triangle. After passing through the objective they are deviated by an angle ߠ toward the focal region where they interfere and form an optical lattice. The incident beams are slightly focused Gaussian beams with beam waists Please do not adjust margins Please do not adjust margins polarizations parallel to one of the three sides of the incidence triangle shown in Fig. 1a . Fig. 1b shows the intensity distribution of the optical lattices obtained for an incidence angle θ = 72°. At this angle, the hexagonal pattern displays a period of 355 nm and an optimal intensity contrast, better than 99.9%. The intensity profiles along two directions in the x-y plane (blue and green lines in Fig. 1c ) are identical up to 150 nm away from the zero intensity position. Such depletion intensity profile should lead to an almost isotropic s-PSF when imaging fast rotating emitters. In the imaging plane (x,y), the amplitudes of the electric field projections along the x and z directions are significantly larger than that along y direction since the incident beams have the same polarization ሺ݁ Ԧ ௫ ሻ. The polarization topography of the electric field projection in the (x,z) plane is shown in Fig. 1d . Around the intensity Please do not adjust margins Please do not adjust margins minima, the polarization is elliptical except along the three directions shown by the red dashed lines in Fig. 1d where it is linear. As discussed above, the field topography is insensitive to any phase variations of the incident beams.
In practice, the back aperture of the objective and the size of the beams at this aperture limit the maximum achievable incidence angle. In the experiment, we use an oil immersion objective (N. A. = 1.49, back aperture diameter ~ 10 mm) which allows to achieve an angle θ = 60° with beam diameters of 1 mm. In this case, the optical pattern shown in Fig. 1e still displays "zero-intensity" regions with a contrast close to unity (98%).
However, as shown in the intensity profiles of Fig. 1f , the intensity gradient around the locations of the zeros is steeper in the horizontal direction.
Four beam configuration
A key point for faster Lattice-STED imaging is to generate lattices with the smallest possible unit cell. For this purpose, we use a four-beam interference configuration where a smaller unit cell can be obtained with the same angle ߠ. If one uses two orthogonally polarized pairs of beams ( Fig. 2a ), each pair will generate a one-dimensional interference pattern independently from the other pair of beams. The intensity distribution of the final optical lattice is just the sum of the two one-dimensional interference patterns and a square optical lattice with a periodicity ଶ୬ୱ୧୬ሺሻ = 290 ݊݉ can be obtained for ߠ = 60° and ߣ = 760 ݊݉, as shown in Fig. 2b . Fig. 2c shows the intensity plots along the x-axis (green) and the diagonal direction (blue). The maximal intensity along the diagonal direction is twice that along the x-axis. Nevertheless the intensity gradients around the intensity "zeros" are very similar. Therefore the resolution should be almost isotropic when imaging fast-rotating molecules. The intensity topography of the lattice (Fig. 2b ) is insensitive to the relative phase between the beams.
The electric field in the imaging plane is:
where x and y are the 2D spatial coordinate of r Ԧ and Δ߶ is the relative phase between the two orthogonal standing waves. The electric field topography only depends on Δ߶ and it is depicted in Fig. 2d-2f . For Δ߶ = 0, the polarization of the field is linear everywhere in the imaging plane. If Δ߶ ≠ 0, the polarization around the zero intensity regions is linear only along the x and y axis, while it is elliptical anywhere else. It becomes circular along the directions ±45° when Δ߶ = π/2. , where ‫ܫ‬ ௦௧ is the saturation intensity which is defined as the intensity at which the probability of fluorescence intensity is reduced by half 21, 32 . The image provides information about the depletion pattern (structure and periodicity). The spatial regions where the fluorescence is not depleted give directly access to the expected s-PSF.
Influence of the polarization pattern on lattice-STED s-PSF
Three different rotational mobility regimes should be considered: the first regime, introduced above, is the fastrotation regime where ܶ ௧ is much shorter than the duration of the depletion pulse. The second one corresponds to the intermediate situation where the molecules display a slow rotational diffusion, characterized by ܶ ௧ much longer than the pulse duration and much shorter than the integration time. The last one is the regime of "fixed" molecules, obtained when ܶ ௧ is much longer than the integration time.
In the fast rotation regime, the transition dipole moment of the emitters can be considered as isotropic and the effective intensity profile is simply the intensity distribution of the depletion lattice. Time averaging over all possible orientations of the dipole during each depletion pulse results in a decrease of the intensity by an overall factor of 3. Therefore, the fluorescence signal can be depleted to zero in all directions around a zero intensity region. The images in Fig. 3a present the results of such simulations. The emitting dipoles are scanned over a region slightly larger than the unit cell of the optical lattice described above (θ = 60°, intensity maxima of ‫ܫ6‬ ௦௧ ).
In the case of three-beam hexagonal lattice (left image) the s-PSF is elongated reflecting directly the anisotropy of the intensity distribution of Fig. 1e-f . For the four-beams square lattice, the s-PSF is isotropic and does not depend on the relative phase difference Δ߶ between the two orthogonal standing waves (as shown in the images constructed for Δ߶ = 0, ସ and ଶ ).
In the two other regimes, the polarization pattern of the electric field has to be taken into account since dipoles perpendicular to the field polarization are not depleted, even at high STED intensities. Images of a small number of emitters exhibiting slow rotational diffusion or of a bead containing a large number of fixed emitters can be modeled in the same way. The fluorescence signal is calculated by averaging the fluorescence contributions of a large number of dipoles randomly oriented in a three-dimensional space:
where ‫ܫ‬ is the effective field intensity which depletes the excited dipole ݀ Ԧ . The results of a calculation performed with ܰ = 500 dipoles are shown in Fig. 3b . The fluorescence images display strong correlations with the polarization patterns of Fig. 1d and Fig. 2d-f . For example, in the three beam configuration, the fluorescence image shows that from each zero-intensity region (corresponding to a fluorescence maximum in the image) there Fig. 1d giving the directions along which the lattice field is linearly polarized. An interesting situation is obtained in the four-beam configuration when Δ߶ = 0. Since the electric field polarization is linear everywhere, excited emitters are not depleted where their dipole moments are perpendicular to the local field during the scan.
Therefore the fluorescence signal cannot be decreased to zero even at higher STED intensities. For Δ߶ = ଶ , the emitters are efficiently depleted in the diagonal directions where the polarization of the field is close to circular.
They cannot be completely depleted along the horizontal and vertical directions, where the polarization of the field is linear.
. The sample is composed of a thin layer of fluorescent nano-diamonds (size 35 nm) spin-coated on a glass coverslip. The number of NV defect centers per nano-diamond is ~15 33 . The emission from individual nanodiamonds shows an extreme photo-stability. The amplitude of the signal, which varies from a nano-diamond to another, can be used for a rough estimation of the number of emitting defects contained in the nanoparticle. Lattice-STED super-resolved images has been acquired following the procedure described in reference 23 . The sample containing fluorescent nano-diamonds is scanned over a unit cell of the depletion lattice in the presence of the wide field excitation and the depletion pattern, while acquiring a fluorescence image for each scanning step with the s-CMOS camera. We then overlay a binary mask on these images which acts as an array of parallelized "point detectors". The complete Lattice-STED image is then obtained by assembling the entire unit cell images together obtained for each "point detector". The results with the four-beam square lattice are presented in Fig. 6. Fig. 6a-6c are constructed using the same procedure as in Fig. 5b . Depletion patterns obtained at three different values of Δϕ ቀ0, ସ and ଶ ቁ are studied, and images recorded with three different weakly emitting nano-diamonds are shown. Using the total emission of the PSF strongly changes from one nano-diamond to another. The s-PSF is not always symmetric but depends on the relative phase ∆߶ of the lattice, as expected. For ∆ϕ = 0 (field pattern of Fig. 2d ), the s-PSFs are elongated, indicating a preferential orientation of emitting dipoles. In each image, the variations of the s-PSF orientation from site to site are imposed by the local Please do not adjust margins Please do not adjust margins polarization distribution around the zero intensity regions: the s-PSFs are elongated along the direction where the electric field is perpendicular to the dipoles average orientation. For example, the nano-diamond used in Fig. 6c has dipoles preferentially oriented along a diagonal direction. The images could be reproduced (Fig. 6d ) with a set of twenty random emitters (having a diagonal average orientation) using the depletion lattices of Fig. 2 with intensity maxima of ‫ܫ6‬ ௦௧ . As ∆ϕ increases up to π/2, the anisotropy of the s-PSF gets less pronounced. The configuration for which ∆ϕ = π/2 is therefore the most favorable to perform four-beam Lattice-STED microscopy.
Experimental Results
As for the three beams configuration, we acquire Lattice-STED super-resolved images of a dense sample of nanodiamonds for ∆ϕ = π/2 . Fig. 6e and 6f display 7.5 µm x 7.5 µm images without and with the four beams depletion pattern. A clear resolution improvement between these two images is visible. The s-PSF shown in Fig.   6g (~75nm) is well below the diffraction limit. Compared to the three beams configuration, the lattice unit cell is smaller and the intensity gradients around the zero-intensity regions are steeper, enabling a larger field of view with the same averaged depletion power.
Conclusions
In this paper, we push further the investigations and the performance of Lattice-STED which massively parallelizes 
